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Abstract 



C"j ' We provide non-smooth atomic decompositions for Besov spaces Bp 9 (R n ), s > 0, < p, q < oo, 

. denned via differences. The results are used to compute the trace of Besov spaces on the boundary F 

of bounded Lipschitz domains SI with smoothness s restricted to < s < 1 and no further restrictions 
on the parameters p, q. We conclude with some more applications in terms of pointwise multipliers. 
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Introduction 

Besov spaces - sometimes briefly denoted as B-spaces in the sequel - of positive smoothness, have been 
■ investigated for many decades already, resulting, for instance, from the study of partial differential equa- 

f^) tions, interpolation theory, approximation theory, harmonic analysis. 

There are several definitions of Besov spaces Bp 9 (lR™) to be found in the literature. Two of the most 
prominent approaches are the Fourier- analytic approach using Fourier transforms on the one hand and 
the classical approach via higher order differences involving the modulus of smoothness on the other. 
These two definitions are equivalent only with certain restrictions on the parameters, in particular, they 
differ for < p < 1 and < s < — 1), but may otherwise share similar properties. 
In the present paper we focus on the classical approach, which introduces B^ as those subspaces of 

L p (R n ) such that 



t 



is finite, where < p, q < oo, s > 0, r € N with r > s, and uj r (f,t) p is the usual r-th modulus of 
smoothness of / € L p (R n ). 

These spaces occur naturally in nonlinear approximation theory. Especially important is the case p < 1, 
which is needed for the description of approximation classes of classical methods such as rational ap- 
proximation and approximation by splines with free knots. For more details we refer to the introduction 

of m- 

For our purposes it will be convenient to use an equivalent characterization for the classical Besov spaces, 
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cf. [17] . [45|, Sect. 9.2], and also |34[ Th. 2.11], relying on smooth atomic decompositions. They which 
allow us to characterize „(R") as the space of those / G L p (M. n ) which can be represented as 

oo 

= J2J2 X J,mHm(x), X € 1", (0.1) 

with the sequence of coefficients A = {Xj, m € C : j E No, m E Z™} belonging to some appropriate 
sequence space bp q , where s > 0, < p, q < oo, and with smooth atoms aj^ m (x). 

It is one of the aims of the present paper to develop non-smooth atomic decompositions for Besov spaces 
B* 9 (R n ), cf. Theorem 12.61 and Corollary 12.81 We will show that one can relax the assumptions on 
the smoothness of the atoms Oj. m used in the representation (jO.ip and, thus, replace these atoms with 
more general ones without loosing any crucial information compared smooth atomic decompositions for 
functions / E B s pq (W l ). 

There are only few forerunners dealing with non-smooth atomic decompositions in function spaces so far. 
We refer to the papers [H], [55], and [I], all mainly considering the different Fourier-analytic approach 
for Besov spaces and having in common that they restrict themselves to the technically simpler case 
when p = q. Our approach generalizes and extends these results and seems to be the first one covering 
the full range of indices < p, q < oo. The reader may also consult [21] for another generalization of the 
classical atomic decomposition technique using building blocks of limited smoothness. 

The additional freedom we gain in the choice of suitable non-smooth atoms dj m for the atomic 
decompositions of / E Hp q (M. n ) makes this approach well suited to further investigate Besov spaces 
_(fi) on non-smooth domains Q and their boundaries T. In particular, we shall focus on bounded 
Lipschitz domains and start by obtaining some interesting new properties concerning interpolation and 
equivalent quasi-norms for these spaces as well as an atomic decomposition for Besov spaces B p(J (r), 
defined on the boundary T = dfl of a Lipschitz domain. 

But the main goal of this article is to demonstrate the strength of the newly developed non-smooth atomic 
decompositions in view of trace results. The trace is taken with respect to the boundary T of bounded 
Lipschitz domains f2. Our main result reads as 

TrB;+/(Q) = B^(r), 

where n > 2, < s < 1, and < p, q < oo, cf. Theorem 14.111 Its proof reveals how well suited non- 
smooth atoms are in order to tackle this problem. The limiting case s = is also considered in Corollary 

EH 

In the range < s < 1, our results are optimal in the sense that there are no further restrictions on the 
parameters p, q. The fact that we now also cover traces in Besov spaces Bp g (R n ) with p < 1 could be of 
particular interest in nonlinear approximation theory. 

Moreover, as a by-product we obtain corresponding trace results on Lipschitz domains for Tricbcl-Lizorkin 
spaces, defined via atomic decompositions. 

The papers [33| and [34] . dealing with traces on hyperplanes and smooth domains, respectively, might 
be considered as forerunners of the trace results established in this paper. Nevertheless, the methods we 
use now are completely different. 

The same question for s > 1 was studied in |20| . It turns out that in this case the function spaces on 
the boundary look very different and also the extension operator must be changed. Moreover, based on 
the seminal work [19j . traces on Lipschitz domains were studied in [221 Th. 1.1.3] for the Fourier-analytic 
Besov spaces with the natural restrictions 

fl \ n-1 . . 

(n-l)maxl 1,0 < s < 1 and < p. (0.2) 
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Our Theorem 14.111 actually covers and extends [22j Th. 1.1.3], as for the parameters restricted by (|0.2|) 
the Bcsov spaces defined by differences coincide with the Fourier-analytic Besov spaces. 
In contrast to Mayboroda we make use of the classical Whitney extension operator and the cone 
property of Lipschitz domains in order to establish our results instead of potential layers and interpolation. 
Moreover, the extension operator we construct is not linear - and in fact cannot be whenever s < 
(n — l)max(~ — 1,0) - compared to the extension operator in [221 Th. 1.1.3]. Let us recall that the 
importance of non-linear extension operators is known in the theory of differentiable spaces since the 
pioneering work of Gagliardo Q3] , cf. also Chapter 5] . 

Finally, we shall use the non-smooth atomic decompositions again to deal with pointwise multipliers in 
the respective function spaces. Let B* ^ selfs (R n ) denote the self-similar spaces introduced in Definition 
[Oand M(Bp q (R n )) the set of all pointwise multipliers of B* (R"). We prove for s > 0, < p, q < oo 
in Theorem 15.41 the relationship 

|J B; i?iSelfs (R") c M(B' M (R n )) ^ B^ iSclfs (R"). (0.3) 

Additionally, if < p < 1, one even has a coincidence in terms of M(Bp p (K n )) = Bp p selfs (R"). 
Our results generalize the multiplier assertions from 44J to the case when p ^ q. Moreover, they 
extend previous results to classical Besov spaces with small parameters s and p. In this context we refer 
to [23] , |24j , and [25j , where pointwise multipliers in Bcsov spaces with p, q > 1 and p = q were studied 
in detail. 

We conclude using (|0.3[) in order to discuss under which circumstances the characteristic function xn of 
a bounded domain fl in R™ is a pointwise multiplier in Bp g (R™) - establishing a connection between 
pointwise multipliers and certain fundamental notion of fractal geometry, so-called /i-sets, cf. Definition 
15.61 In particular, if a boundary T = d£l is an h-set satisfying 

sup y 2^ ( J^-2- k A q/P < oo, 

where cr>0,0<p<oo, and < q < oo, then Theorem 15.81 shows that 

Xn G B^ 8elf8 (R"). 

The present paper is organized as follows: Section 1 contains notation, definitions, and preliminary 
assertions on smooth atomic decompositions. The main investigation starts in Section 2, where we 
construct non-smooth atomic decompositions for the spaces under focus. Afterwards Section 3 provides 
new insights (and helpful results) concerning function spaces on Lipschitz domains and their boundaries. 
These powerful techniques are then used in Section 4 in order to compute traces on Lipschitz domains 
- the heart of this article. Finally we conclude with some further applications of non-smooth atomic 
decompositions in terms of pointwise multipliers in Section 5. 



1 Preliminaries 

We use standard notation. Let N be the collection of all natural numbers and let No = NU {0}. Let R" 
be euclidean n-space, n G N, C the complex plane. The set of multi-indices /3 = {fix, . . . , (3 n ), /3, G No, 

i = 1, . . . , n, is denoted by Nq , with \/3\ = fix H h /3 n , as usual. Moreover, if x = (xi, . . . , x„) G R™ and 

/? = (/3 1; . . .,/?„) G NS we put x' 3 = x^ 1 ■ ..xfc. 
We use the symbol '<' in 

a-k < b k or ip(x) < ip(x) 
always to mean that there is a positive number c\ such that 

afe < ci b k or tp(x) < Cx ip{x) 
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for all admitted values of the discrete variable k or the continuous variable x, where {ak}k, {bk}k are 
non-negative sequences and <p, ip are non-negative functions. We use the equivalence '~' in 



a k ~ b k or ip(x) — ip(x) 

for 

cffc ^ bk and 6fc < a k or ^ ^/H 3 -) and ^(x) < <^(^)- 

If a € R, then a + := max(a,0) and [a] denotes the integer part of a. 

Given two (quasi-) Banach spaces X and Y, we write X '—t Y if X C Y and the natural embedding 
of X into Y is continuous. All unimportant positive constants will be denoted by c, occasionally with 
subscripts. For convenience, let both da: and | • | stand for the (n-dimensional) Lebesgue measure in the 
sequel. L p (M. n ), with < p < oo, stands for the usual quasi-Banach space with respect to the Lebesgue 
measure, quasi-normed by 

||/|i p (R")|| := (7 \f(x)\*dx 

with the appropriate modification if p = oo. Throughout the paper f2 will denote a domain in R n and 
the Lebesgue space L p (Tl) is defined in the usual way. 

We denote by C K (K™) the space of all if-times continuously differentiable functions / : l n — > R equipped 
with the norm 

||/|C K (K")|| = max sup \D a f(x)\. 

\a\<K ie r 

Additionally, C°°(K ra ) contains the set of smooth and bounded functions on R™, i.e., 

KeN 



C°°(M" ) := p| C l 



whereas C^°(M. n ) denotes the space of smooth functions with compact support. 
Furthermore, B(xq, R) stands for an open ball with radius R > around xo £ R™, 

B(xq,R) = {i € R" : \x — xq\ < R}. (1.1) 

Let Qj t7n with j € No and m e Z™ denote a cube in R™ with sides parallel to the axes of coordinates, 
centered at 2 _:, m, and with side length 2 -J ' +1 . For a cube Q in R n and r > 0, we denote by rQ the cube 
in R" concentric with Q and with side length r times the side length of Q. Furthermore, Xj,m stands for 
the characteristic function of Qj,m- 

Let Gel" and j e N . We use the abbreviation 

where G will usually denote either a domain 17 in R n or its boundary T. 



1.1 Smooth atomic decompositions in function spaces 

We introduce the Besov spaces ? (fi) through their decomposition properties. This provides a construc- 
tive definition expanding functions / via smooth atoms (excluding any moment conditions) and suitable 
coefficients, where the latter belong to certain sequence spaces denoted by bp _(fi) defined below. 
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Definition 1.1 Let < p, q < oo, s G K. Furthermore, let ft C M" and A = {Aj iim £ C : j € No,ra G 
Z"}. TTien 

A : ||A|&^(0)|| = (jr^-f^ ( "" A„ ». ! ) ) < oo 

\i=0 VmGZ" / / 



(u«'£/i i/je usual modification if p — oo and/or q = oo). 



Remark 1.2 If = R™, we simply write 0p j(? and ^ m instead of 6^(0) and X) m n '"' i respectively. 
Now we define the smooth atoms. 

Definition 1.3 Let K G No and d > 1. A K-times continuously differ entiahle complex-valued function 
a on K n (continuous if K = 0) is called a K-atom if for some j G No 

suppa C dQj iTn for some m G Z™, (1-3) 

and 

|L> Q a(x)| < 2 |q|j /or |a| < K (1.4) 

It is convenient to write aj^ m (x) instead of a[x) if this atom is located at Qj, m according to (|1.3j) . 
Furthermore, K denotes the smoothness of the atom, cf. (|1.4j) . 

We define Besov spaces ~B s pq (^l) using the atomic approach. 
Definition 1.4 Let s > and < p, q < oo. Let d > 1 and K G No wii/i 

* > (1 + W) 

6e fixed. Then f G L p (fi) belongs to 9 (f2) i/, and on/y «/, it can 6e represented as 

°° n i 

= X! A i , m a i , m (a;), (1.5) 

j=0 roeZ™ 

where the K -atoms (j G No) with 

suppa^j C dQ jiTn , j G No, m G Z n , 
and A G 6p g (f2), convergence being in L p (Q). Furthermore, 

||/|B; ig (fi)|| :=inf||A|^(fi)||, (1.6) 
where the infimum is taken over all admissible representations (11.51) . 

Remark 1.5 According to [IS], based on [T7j, the above defined spaces are independent of d and K. 
This may justify our omission of K and d in (|1.6|) . 

Since the atoms Oj- >m used in Definition 11.41 are defined also outside of O, the spaces q (Q) can as well 
be regarded as restrictions of the corresponding spaces on W 1 in the usual interpretation, i.e., 

T5 pq (fl) = {/ G L p (fl) : there exists g eB s pq {W l ) with g\ Q = /}, 

furnished with the norm 

||/|B^(ft)|| =inf{||«7|B^(R")|| with g\ a =f}, 

where g\ n = f denotes the restriction of g to Q. Therefore, well-known embedding results for B-spaces 
defined on W l carry over to those defined on domains fi. Let s > 0, e > 0, < q, u < oo, and q < v < oo. 
Then we have 

b;+j (n) ^ b* i3 (n) and b; i? (n) ^ b; iU (o) , 

cf. [TBI Th. 1.15], where also further embeddings for Besov spaces may be found. 
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Classical approach Originally Besov spaces were denned merely using higher order differences instead 
of atomic decompositions. The question arises whether this classical approach coincides with our atomic 
approach. This might not always be the case but is true for spaces defined on M. n and on so-called 
(e, <5)-domains which we introduce next. 

Recall that domain always stands for open set. The boundary of £1 is denoted by V = d£l. 

Definition 1.6 Let £1 be a domain in W n with =/= M™. Then D, is said to be an (e 1 8)-domain, where 
< s < oo and < 5 < oo, if it is connected and if for any x £ f2, y £ fi with \x — y\ < S there is a 
curve L C Cl, connecting x and y such that \L\ < e \x — y\ and 

dist(z, T) > emin(|x — z\, \y — z\), z £ L. (1-7) 

Remark 1.7 All domains we will be concerned with in the sequel are (e, (5)-domains. In particular, the 
definition includes minimally smooth domains in the sense of Stein, cf. [371 p. 189], and therefore bounded 
Lipschitz domains (as will be considered in Section 

Furthermore, the half space M™ := {x : x = (x',x„) £ <S R" _1 ,a; n > 0} is another example. 

It is well-known that (e, 5)-domains play a crucial role concerning questions of extendability. It is precisely 
this property which was used in [341 Th. 2.10] to show that for (e, 5)-domains the atomic approach for 
B-spaces is equivalent to the classical approach (in terms of equivalent quasi-norms), which introduces 
q (fl) as the subspace of L p (£l) such that 



||/|B^(n)|| P - \\f\L p (m + n\-°«u, r (f,t,ny p j 



1/9 

(1.8) 



is finite, where < p, q < oo (with the usual modification if q = oo), s > 0, r £ N with r > s. Here 
tu r (f,t,fl) p stands for the usual r-th modulus of smoothness of a function / £ L p (Q), 

w r (/,t,n) p = sup \\Alf(;Q) \L p (Q.)\\, t>0, (1.9) 

\h\<t 



where 



Alf(x,n):= \ AUix) ' '>* + h,...,x + rhen, (11Q) 
0, otherwise, 



This approach for the spaces B* 9 (r2) was used in [5]. The proof of the coincidence uses the fact that 
the classical and atomic approach can be identified for spaces defined on W 1 , which follows from results 
by Hedberg, Netrusov [T7] on atomic decompositions and by Triebel [451 Section 9.2] on the reproducing 
formula. 

The classical scale of Besov spaces contains many well-known function spaces. For example, ifp = q = oo, 
one recovers the Holder-Zygmund spaces C S (R"), i.e., 

B s ^ QC (R n ) = C s (R n ), *>0. (1-11) 
Later on we will need the following homogeneity estimate proved recently in [3j5] Th. 2] based on [3] . 

Theorem 1.8 Let < A < 1 and f £ B s p ^(R™) with supp/ C B(0, A). Then 

||/(A.)|B',(]R»)|| - A S -^||/|B^(R")||. (1.12) 
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2 Non-smooth atomic decompositions 

Our aim is to provide a non-smooth atomic characterization of Besov spaces „(M n ), i.e., relaxing the 
assumptions about the smoothness of the atoms a^ m in Definition 11.31 Note that condition p.4p is 
equivalent to 

||a(2- i -)|C JC (R")|| < 1. (2.1) 

We replace the C A '-norm with K > s by a Besov quasi-norm Bp p (R") with a > s or in case of < s < 1 
by a norm in the space of Lipschitz functions Lip(R"). 

The following non-smooth atoms were introduced in [43] . They will be very adequate when considering 
(non-smooth) atomic decompositions of spaces defined on Lipschitz domains (or on the boundary of a 
Lipschitz domain, respectively). 

Definition 2.1 (i) The space of Lipschitz functions Lip(R") is defined as the collection of all real- 
valued functions f : W l —} K such that 

||/|Lip(R")|| = max { sup \f(x)\, sup ~ 1 < oo. 

[ x xjty F — y\ J 

(it) We say that a e Lip(M") is a Lip-atom, if for some j € No 

suppa C dQj, m , m e Z", d>l, (2.2) 

and 

|o(i)|<1, |a(a;)-a(i/)|<2*|a;-|/|. (2.3) 
Remark 2.2 One might use alternatively in (|2.3|) that 

||a(2-^)|Lip(R")|| < 1. (2.4) 

We use the abbreviation 

B*(R n ) = Bp jP (M") with 0<p<oo, s>0. 
In particular, in view of (|l.lip . 

C s {W n ) = B s 00 (M n ), s>0, 

are the Holder- Zygmund spaces. 

Definition 2.3 Let < p < oo, a > and d > 1. Then a G B p (R n ) is called a {a, p) -atom if for some 

3 G N 

suppa C dQj^ m for some m G Z n , (2-5) 

and 

||a(2-'".)|B£(R*)|| < 1. (2.6) 

Remark 2.4 Note that if a < j then (er,p)-atoms might be unbounded. Roughly speaking, they arise 
by dilating Bp-normalized functions. Obviously, the condition (|2.6|) is a straightforward modification of 
and (gH) . 

In general, it is convenient to write aj im (x) instead of a(x) if the atoms are located at Qj, m according to 
and (|2.5p . respectively. Furthermore, a denotes the 'non-smoothness' of the atom, cf. (|1.4p . 



The non-smooth atoms we consider in Definition ^. 3[ are renormalizcd versions of the non-smooth (s,p) c 
atoms considered in [33] and [3E], where (|2.6p is replaced by 

a G Bp(R n ) with \\a(2- j -)\B^(R n )\\<2 j ^- s \ 
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resulting in corresponding changes concerning the definition of the sequence spaces b s p _ used for the 
atomic decomposition. 

However, the function spaces we consider arc different from the ones considered there. Furthermore, for 
our purposes (studying traces later on) it is convenient to shift the factors 2^ s ~~^ to the sequence spaces. 

We wish to compare these atoms with the smooth atoms in Definition 11.31 

Proposition 2.5 Let < p < oo and < a < K. Furthermore, let d > 1, j € No, and me Z". Then 
any K-atom (o~,p)-atom. 

Proof : Since the functions aj t m(2~ J ■) have compact support, we obtain 

\\ aj , m (2-^)\B;(R n )\\ < K m (2^.)|C A '(K")!| < i, 

with constants independent of j, giving the desired result for non-smooth atoms from Definition 12.31 □ 

The use of atoms with limited smoothness (i.e. finite element functions or splines) was studied already 
in [27] , where the author deals with spline approximation (and traces) in Besov spaces. 

The following theorem contains the main result of this section. It gives the counterpart of Definition 11.41 
and provides a non-smooth atomic decomposition of the spaces ,j(K™). 

Theorem 2.6 Let < p, q < oo, < s < a, and d > 1. Then f G L p (R n ) belongs to B ptq (R n ) if, and 
only if, it can be represented as 

oo 

where the aj >rn are (a,p)-atoms (j € No) with suppaj im C dQj^ rn , j g No, m G Z", and A € £>* , 
convergence being in L p (R n ). Furthermore, 

H/|B^(R»)||=inf||A|^ 9 ||, (2.8) 

where the infimum is taken over all admissible representations (|2.7p . 

Proof : We have the atomic decomposition based on smooth if-atoms according to Definition 1 1.41 By 
Proposition 12 . 51 classical if -atoms are special (<7,p)-atoms. Hence, it is enough to prove that 




(2.9) 

\fc=o Vzez™ / / 

for any atomic decomposition 

oo 

fc=o ;ez™ 

where a k ' 1 are (<7,p)-atoms according to Definition 12.31 

For this purpose we expand each function a k ' l (2~ k -) optimally in Bp(K") with respect to classical K- 
atoms b 3 ^™ where a < K, 

oo 

a k \2- k x) =J2 E rf;lKJ(x), x e R", (2.11) 

j=o toez" 

with 

supp^C Q i)10 , D a b^(x) <2^, \a\<K, (2.12) 
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and 



£ 2 ^-^ J2 & = h k < l KJ - \\a k -\2- k -)\B;(m n )\\ < 1. 



(2.13) 



Hence, 



j— w£Z n 

where the functions &i'T(2 •) are supported by cubes with side lengths ~ 2~ k ~K By (|2.12p we have 



(D a biJ)(2 k x) 



Replacing j + k by j and putting d^J(x) := b\ k ' w (2 k x), we obtain that 



a k '°(x 



j—k w(z1i n 



(2.14) 



where dj.'™ are classical if-atoms supported by cubes with side lengths ^2 J . We insert (|2.14[) into the 

expansion (|2.10j) . We fix j G No and w G Z", and collect all non- vanishing terms d]l™ in the expansions 
(|2.14|) . We have k < j. Furthermore, multiplying (|2.11|) if necessary with suitable cut-off functions it 
follows that there is a natural number N such that for fixed k only at most N points I G Z" contribute 
to dV"? '. We denote this set by (j,w,k). Hence its cardinality is at most N, where N is independent of 
j, w, k. Then 

J2k<j Y^,le(J,w,k) ^j-k,w ' ^k.i ■ (x) 



d 3 > w {x) 



12k<j J2ie{j,w,k) \Wj-k,w\ ' \^k,i\ 



are correctly normalized smooth _ftT-atoms located in cubes with side lengths ~ 2 3 and centered at 2 J w. 
Let 

k.l 



V 



>^E E \^-k,w\ ■ i a mI- 

k<3 l£(J,w,k) 



(2.15) 



Then we obtain a classical atomic decomposition in the sense of Definition 11.41 

/ EE"-^"'' 1 - 



J w 



where dP' w are if-atoms and 

H/|b; )9 (k**)|| < \w\b;j. 

Therefore, in order to prove (|2.9p . it is enough to show, that 

\WKJ Z WMKJ 

if (|2~T31 holds. 

Let < e < a — s. Then we obtain by (|2.15p that (assuming p < oo) 



P ^E E 2 °'" fe)P£ i^i p i A wi p ' 



(2.16) 



(2.17) 



k <j le(j,w,k) 



where we used the bounded cardinality of the sets (j, w, k). 
This gives for q/p < 1 



'KJ 9 = J2 2j(s ~ n/p)q ( E 

j=0 \w£Z" 
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q/p 

S^'iEE E 2( ^ fc)P£ i^-^riAMi pV 

3=0 \w£Z™ k=0 le(j,w,k) 

q/p 

<E 2JWp)3 E(E E 2(J '" fe)p i^n^i p ' 

3=0 fc=o \toez n ie(j.w,k) 

q/p 

= /*>«[ £ e 2^i^HA M r' 

k=oj=k \wez n ie(j,w,k) 

q/p 

OO oo 



2(i+ fe )( s -™/p)9 oiP £ \n k > 1 \p\ \, ,\p 

^ 2k(s-n/p)q 2-' ( s ^ cr + e )9 I \^ 2^ <T_ "/ p ^ P |^'' | P | Afc j | P 

fe=o 3=0 yioez n ie(j+fc,u),fc) 

<?/p 

< ^ 2 *(-n/p)* I ^ ^ ^ 2^( CT -"/ p ) p |^nA fcji | p 4 

fc=0 \3=0 u£Z" le(j+k,w,k) 

q/p 

<^ 2 k( S -n/ P ) q |EEE 2j{a ~ n,v)p \ r i k jU p \Ki\ p 

k=0 \j=0w£Z"l£Z 



^^ 2 k{s-n/p) q ^ |A fc , z | P E E 2 j(<T -" /p)p |ry 
fc=o yez™ j=o tugz™ 

oo / \q/p 



q/p 

k,l 



fe=0 



We have used (|2.13p in the last inequality. 

If g/p > 1, we shall use the following inequality, which holds for every non-negative sequence 
{7j,fc}o<fc<j<oo, every a > 1 and every e > 0. 

oo / j \ oc / oo \ 

E E 2 ' -,0 E E--0 • ( 2 - 18 ) 

3=0 \fe=0 / k=<3 \j=k J 

If a = oo, (|2.18|) has to be modified appropriately. To prove (|2.18|) for a < oo, we use Holder's inequality 
and the embedding l\ ^ £ a 

(\ a y v a/a , > a/a 

3 \ 00/3 \ f 3 \ 

E 2 ' -A <E E 2W e^ 
k=o J 3=0 \k=o J \fc=o / 

OO j CXD OO OO / OC 

3=0fe=0 k=0j=k k=0 \j—k 

We use (|2.17[) and (|2. 18|) with p(tr — s — e) instead of e and a = q/p > 1, 

<?/p 

Mgi^E^'lEE E 2 °" fc)P£ i^4J p i A Mr' 

3=0 \ «>ez" fc=o ie(j,w,k) 



lo,k 
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(, q/p 
fe=o ie(j,w,fc) 

<?/p 

<E(EE E 2 fc (-^2«- fc )("-t^i^_' fc(to i*|A fcll |f k 

fc=o y=fc toez™ ie(j, w ,k) 

q/p 

= j2^ s - nMq (EE E 2^-?) p i^nA M r k 

fc=0 \j=0 u>SZ™ Je(j+A,tu,fc) 

^ 2 ^-n/ P ) g |^^ 2 , ' ( '"' )p |^il p |Aj k ,i| , ' V 
fc=o yeZ" j=o w<£Z™-.i£{j+k,w,k) 

q/p 

oo / \ q/p 

fe=o VfeZ" / 

The proof of (|2.16p is finished. We again used (|2. 13^ in the last inequality. If p and/or q are equal to 
infinity, only notational changes are necessary. □ 

Remark 2.7 Our results generalize [HJ Th. 2] and [¥5], Th. 2.3], where non-smooth atomic decomposi- 
tions for spaces p (R") with s > max (n(\/p — 1), 0) can be found, to g (R™) with no restrictions on 
the parameters. In particular, the case when p ^ q is completely new. 

Using the Lip-atoms from Definition 12.11 and the embedding 

Lip(K") ^ i4(R"), 

cf. [HI p. 89/90], as a Corollary we now obtain the following non-smooth atomic decomposition for Besov 
spaces with smoothness < s < 1. 

Corollary 2.8 Let < p, q < oo, < s < 1, and d > 1. Then f G L p (R n ) belongs to B^ 9 (R") if, and 
only if, it can be represented as 

oo 

/ = E E "V- (2.i9) 

j=0 mSZ™ 

where the dj, m are hip-atoms (j G No) with supp aj. m C dQj, m , j G No, m G Z", and A G 6p 9 , convergence 
being in L p (R. n ). Furthermore, 

||/|B^(R")||=mf||A|6*J, (2.20) 
where the infimum is taken over all admissible representations (|2.19p . 

3 Spaces on Lipschitz domains and their boundaries 

We call a one-to-one mapping $ : R™ i— > R™, a Lipschitz diffeomorphism, if the components $fe(x) of 
= ($i(x), . . . , 3> n (x)) are Lipschitz functions on 1" and 

I$(a0-*(l0l~|a!-tf|, x.siel", |x-y|<l, 

where the equivalence constants are independent of as and y. Of course the inverse of is also a 
Lipschitz diffeomorphism on R". 
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Definition 3.1 Let f2 be a bounded domain in K™. Then is said to be a Lipschitz domain, if there 

N 

exist N open balls Ki, . . . , Kpj such that Kj D T and Kj (1 L ^ £/ j = 1,...,N, with the 
following property: for every ball Kj there are Lipschitz diffeomorphisms ipU) such that 

^-.Kj^Vj, j = i,...,N, ^V^ J ^f\nnKj) 













IT \ 





where Vj —^(Kj) and n I (^) 1 

V> (j) (Kj n ft) c m, v w) {Kj nr)c R"^ 1 . ^ r = dQ 



Remark 3.2 The maps j/j(j) can be extended outside Kj in such a way that the extended vector functions 
(denoted by ip^ as well) yield diffeomorphic mappings from M™ onto itself (Lipschitz diffeomorphisms). 
There are several equivalent definitions of Lipschitz domains in the literature. Our approach follows [5]- 
Another version as can be found in [37] . which defines first a special (unbounded) Lipschitz domain fi in 
l n as simply the domain above the graph of a Lipschitz function h : M ,l_1 — > M, i.e., 

ft = {(x',x n ) : h(x') < x„}. 

Then a bounded Lipschitz domain ft in W n is defined as a bounded domain where the boundary L = <9ft 
can be covered by finitely many open balls Bj in M. n with j = 1, . . . , J, centered at T such that 

B 3 , n ft = B 3 n ftj for j = 1, . . . , J, 

where ftj are rotations of suitable special Lipschitz domains in R™. 

We shall occasionally use this alternative definition, in particular, since it usually suffices to consider 
special Lipschitz domains in our proofs (the related covering involves only finitely many balls), simplifying 
the notation considerably. 

Consider a covering o is an inner domain with Kq C ft. Let {</?j}jLo be a 

related resolution of unity of ft, i.e., <pj are smooth nonnegative functions with support in Kj additionally 
satisfying 

JV 

Y^<Pj(x) = l if x eft. (3.1) 
Obviously, the restriction of tpj to T is a resolution of unity with respect to L. 



3.1 Atomic decompositions for Besov spaces on boundaries 

The boundary <9ft — T of a bounded Lipschitz domain ft will be furnished in the usual way with a surface 
measure da. The corresponding complex- valued Lebesgue spaces L p (T), < p < oo, are normed by 

\\g\L p (T)\\= Qj<7( 7 )| p d<7( 7 ) 

(with obvious modifications if p = oo). We require the introduction of Besov spaces on L. We rely on the 
resolution of unity according to (|3.1|) and the local Lipschitz diffeomorphisms mapping Yj = T n Kj 
onto Wj = i>V>(Tj), recall Definition CUJ We define 

g j (y):=^ j f)o(^)- 1 (y), j = l,...,N, 
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which restricted to y = (y', 0) G Wj, 

9 j (y') = (vjf)°(Tp ij) r 1 (y'), j = i,...,n, feL p (T), 

makes sense. This results in functions gj G L p (Wj) with compact supports in the (n — l)-dimensional 
Lipschitz domain Wj. We do not distinguish notationally between gj and (^w) -1 as functions of (y',0) 
and of y'. 

Our constructions enable us to transport Besov spaces naturally from R™ -1 to the boundary P of a 
(bounded) Lipschitz domain via pull-back and a partition of unity. 



Definition 3.3 Let n > 2, and let il be a bounded Lipschitz domain in K" with boundary P, and tpj, 
ipti) > Wj be as above. Assume < s < 1 and < p, q < oo. Then we introduce 

B;, g (T) = {/ G L p (T) : g 3 G B^Wj), j = l,...,N}, 

N 

equipped with the quasi-norm ||/|B^ 9 (T)|| := ^ ||ffj|Bp i9 (H^-)||. 

J'=l 

Remark 3.4 The spaces (r) turn out to be independent of the particular choice of the resolution of 
unity {<Pj}jLi and the local diffeomorphisms if)^ (the proof is similar to the proof of [U Prop. 3.2.3(h)], 
making use of Propositions 13.111 and 13.121 below). We furnish B* q (Wj) with the intrinsic (n — 1)- 
dimensional norms according to Definition 1 1.41 Note that we could furthermore replace Wj in the defini- 
tion of the norm above by R n_1 if we extend gj outside Wj with zero, i.e., 

N 

II/IB^H-^II^IB^CR"- 1 )!!. (3.2) 

3=1 

In particular, the equivalence (|3.2|) yields that characterizations for B-spaces defined on M n_1 can be 
generalized to B-spaces defined on T. This will be done in Theorem 13.81 for non-smooth atomic decom- 
positions and is very likely to work as well for characterizations in terms of differences. 

Atomic decompositions for B* (r) Similar to the non-smooth atomic decompositions con- 
structed in Section [5] we now establish corresponding atomic decompositions for Besov spaces defined on 
Lipschitz boundaries. They will be very useful when investigating traces on Lipschitz domains in Section[3] 

The relevant sequence spaces and Lipschitz-atoms on the boundary T we shall define next are closely 
related to the sequence spaces b p g (0) and Lip-atoms used for the non-smooth atomic decompositions as 
used in Corollary 12.81 

Definition 3.5 Let < p, q < oo, s £ M. Furthermore, let T be the boundary of a bounded Lipschitz 
domain Q, C R n , and X = {X 3 . m G C : j G N ,m G Z n }. Then 

b s p , q (T) = | A: ||A|6^(L)|| = lf^2^~^ ( ]T ^A^l 

(with the usual modification if p = oo and/or q = oo). 
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Definition 3.6 Let j G No, m G Z n , d > 1, and Zei T be the boundary of a bounded Lipschitz domain 
fid". Put Q v jm := dQ jVm n T ^ 0. ^ function a G Lip(r) is a Lip r -atom, if 

suppa C <3^ m , d > 1, 
||o|ioo(r)|| < 1 and sup l a ^~ a ^l <y. (3.3) 

Remark 3.7 Note that if wc put 2 J r := {2 J 'a; : x G T}, we can state (O like ||a(2" J -)|Lip(2- 7 r)|| < 1. 
The theorem below provides atomic decompositions for the spaces q (T). 



Theorem 3.8 Let C M" be a bounded Lipschitz domain and let < s < 1, < p, q < oo. TTien 
/ G ^p(r) belongs to g (T) if, and only i/, 

where Lip 1 " -atoms with suppaj im C Qj m and A G fep ? (r), convergence being in L p (T). Further- 

more, 

||/|B^(r)|| =inf||A|^(r)||, 
where the infimum is taken over all possible representations. 

Proof : 

Step 1: Fix / G Bp ? (r). For simplicity, we suppose that supp/ C {x G T : fi(x) = 1} for some 
I G {1,2,..., N}. If this is not the case the arguments have to be slightly modified to incorporate the 
decomposition of unity (|3.1|) . To simplify the notation we write <p instead of ipi and ip instead of ip( l \ 
Then we obtain 

||/|B^(r)|| = ||/o ? A- 1 |B^(M"- 1 )||. 
We use Corollary 12.81 with n replaced by n — 1 to obtain an optimal atomic decomposition 

fo^ = Y,\j,ma j>m where ||/ o ^B^R"- 1 )!! ~ || A|6^ Q (M"" 1 ) || . (3.4) 

j,m 

For j G No and m G Z" -1 fixed, we consider the function aj tm (ip(x)). Due to the Lipschitz properties of 
this function is supported in Q T - 1 for some I G Z" and we denote it by aF-^x). Furthermore, we set 
; = \j. m - This leads to the decomposition 



3,1 

It is straightforward to verify that are Lip r -atoms since Ha^Ji.^^)! < IK^-L^Wi)!! < 1 and 

\ a ll( X ) ~ a jl(y)\ _ Km (ft') ~ aj,m(y')\ \aj,m{x') - CLj, m ( y')\ 

\x- y \ ~ iv-VW-V)! ~ \x'-v'\ 

Furthermore, we have the estimate 

||/|B; )fl (r)|| = H/o^iB^Ofr- 1 )!! ~ || a|6-^(m— = ||A'|&; >9 (r)||. 

Step 2: 



<2 J , x,yeT. 
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The proof of the opposite direction follows along the same lines. If / on T is given by 



then / o ip 1 = Aj. m aj. m , where aj tVl (x) — 1 (x)) and Xj t m = A^ ; for suitable m G Z'' 



Again it follows that Oj. m are Lip-atoms on W 1 and 

||/|B^(r)|| = h/o^ib',^- 1 )!! < HAib^iM- 1 )!! = ||A'|6',(r)||. 

Step 3: The convergence in L p (T) of the representation / = E^ A Jim a£ TO , follows for p < 1 by 



< 



<J22-^- 1 ^ j ' T \^,m\ p = \\Mb° PtP (T)\\* < \\X\b s p jT)\\ 



(3.6) 



and using 



3,m 



< 



E 



E ^J,m a i,m|-^p(r) 



< 2 -3 '( n-1 )/ p 

i 



E"' A - 



Vp 



= l|A|6°x(r)||<||A|6i,(r)|| 



for p > 1 . 



(3.7) 
□ 



3.2 Interpolation results 

Interpolation results for 9 (R n ) as obtained in [7J Cor. 6.2, 6.3] carry over to the spaces B* q (T), which 
follows immediately from their definition and properties of real interpolation. 

Theorem 3.9 Let £1 be a bounded Lipschitz domain with boundary T. 

(i) Let < p, q, qo, q± < oo, So 7^ s i, an d < Si < 1. Then 

(B*^(T) > B^(r)) fljg = B; ) ,(r) > 

where < 8 < 1 and s = (1 — 0)so + 9s\. 

(ii) Let < Pi,qi < oo, so ^ si arte? < < 1. Then for each < 9 < 1, s = (1 — #)so + #si, 
i = i-^ + -2-, and for i = ±=£ + -2- we ftoue 

P Po Pi ' J <? 9o 9i 

(BS, 90 (r),B;i i , 1 (r)) fljg = B; i ,(r) J 

provided p = q. 

Proof : By definition of the spaces B^ (T) we can construct a well-defined and bounded linear operator 

E '■ B p, 9 ( r ) — ► ©i<i<JvBp ^(M™ -1 ), 
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{Ef)j :=(^-/)o^ 1 onR"- 1 , 1 < j < N, 



which has a bounded and linear left inverse given by 

R : ®x< j < N Bl q (W 1 - 1 ) — ^B; )9 (T) 

N 

R {{9o)i<o<n) ■= *j ° ^i) 011 r > 
where £ Cg°(R n ), supp^ C Kj, & = 1 in a neighborhood of suppt^. 
Straightforward calculation shows for / G B p (r) 



/ s N N 

(R o E)f = R(Ef) = R ((^/) o ^W" 1 ) J =J2 *i<Pif = E ^i/ = /' 

V - J - / 3=1 3=1 

i.e., 

Ro E = I, the identity operator on q (T). 

One arrives at a standard situation in interpolation theory. Hence, by the method of rctraction- 
coretraction, cf. [101 Sect. 1.2.4, 1.17.1], the results for B* g (]R n_1 ) carry over to the spaces B p9 (r). 
Therefore, (i) and (ii) are a consequence of [7J Cor. 6.2, 6.3]. □ 

Furthermore, we briefly show that the interpolation results for Besov spaces B* 9 (R") also hold for spaces 
on domains B^ q (£l). This is not automatically clear in our context since the extension operator 

Ex : B' M (Q) — ► B^(R' 1 ) 

constructed in [5] is not linear. The situation is different for spaces B^ q (Q). Here Rychkov's (linear) 
extension operator, cf. |30| . automatically yields interpolation results for B-spaces on domains. 

Theorem 3.10 Let f2 be a bounded Lipschitz domain. 

(i) Let < p,q, qo, qi < 00, so 7^ si, and < s, < 1. Then 

(B;° qo (n),B% qi (n)) eq = B;jti), 

where < 8 < 1 and s = (1 — 0)sq + 9si. 



(ii) Let < Pi,qi < 00, s ^= si and < Sj < 1. Then for each < 8 < 1, s = (1 — 9)s Q + 6si, 

- + — we have 
91 

{B;i m (n),B;i qi (n)) eq = B; tq (n), 



1- = ±=2- + and for ± = ±=£ + we have 
p pa pi ' J q qo qi 



provided p = q. 

Proof : In spite of our remarks before the theorem, we can nevertheless use the extension operator 

Ex : B; i9 (n) — ► b; )9 (r«) 

constructed in [5] to show that interpolation results for spaces Bp 9 (R") carry over to spaces BpJSY). 
Let Xi(fl) := B** 9i (^)- By the explanations given in [51 p. 859] we have the estimate 

K(f, t, X (n),X 1 {SI)) ~ if (Ex /, t, X (R n ), X 1 (R n )) (3.8) 
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although the operator Ex is not linear. Let B e (Q) := (B*° qo (fl), 'Bp\. qi (^)) e q with the given restrictions 
on the parameters given in (i) and (ii), respectively. We have to prove that 

B e (tt) = B^(tt), 

but this follows immediately from [7[ Cor. 6.2,6.3] using (|3.8|) . since 

||/|B 9 (n)|| ~ ||Ex/|B 9 (M»)|| ~ ||Ex/|B^(R")|| ~ ||/|B^(fi)||. 

□ 

3.3 Properties of Besov spaces on Lipschitz domains 

The non-smooth atomic decomposition enables us to generalize |33[ Prop. 2.5] and obtain new results 
concerning diffcomorphisms and pointwisc multipliers in Bp 9 (R") in the following way. For related 
matters we also refer to Th. 3.3.3]. 

Proposition 3.11 Let < p, q < oo, < s < 1 and a > s. 

(i) (Diffeomorphisms) 

Let tp be a Lipschitz diffeomorphism. Then f — > f o tp is a linear and bounded operator from 
B s pq (W l ) onto itself. 

(ii) (Pointwise multipliers) 

Let h S C CT (R Tl ). Then f — > hf is a linear and bounded operator from B p „(M n ) into itself. 

Proof : Concerning (i), we make use of the atomic decomposition as in (|2.19p with the Lip-atoms from 
Definition 12.11 Then we have 

oo 

f° j> = y y ^j,r n a 3 , m ° ^ 

and a o tp is a Lip-atom based on a new cube, and multiplied with a constant depending on tp, since 

|(o ilT „ o tP){x) - (a j>m o tp)(y)\ < V\tP(x) - tP(y)\ < 2 j \x - y\ 

To prove (ii) we argue as follows. First, we may suppose that < s < a < 1. Furthermore, we choose 
a real parameter a' with s < a' < a. We take the smooth atomic decomposition (|1.5j) with A'-atoms 
&j,mi where K = 1. Multiplied with h G C a , it gives a new (non-smooth) atomic decomposition of hf. 
Its convergence in L p (R") follows from the convergence of Q1.5P in L p (M. n ) and the boundedness of h. 
It remains to verify, that ha^ m are non-smooth (a 1 , p)-atoms. The support property follows immediately 
from the support property of a^ m - We use the bounded support of (haj, m )(2~ J '•) and the multiplier 
assertion for B^,(R n ) as presented in [521 Section 4. 6.1, Theorem 2] to get 

||(H- m )(2^.)|B-'(M")|| < \\(ha jtm )(2-^-)\B^(R n )\\ 

= ||fc(2-'.).o i , m (2-^)|BS (R")|| 

< \\h(2-^)\B^(R n )\\ ■ ||o ilTB (2^'.)|BS (R")||. 

The last product is bounded by a constant due to the inequality 

||M2- i 0|B^ o (R")|| < \\h\B^ n )\\, J6H 0l 

which may be verified directly (or found in [I] Section 1.7] or [TDl Section 2.3.1]), combined with the fact 
that aj :Tn are A-atoms for K = 1. □ 

Furthermore, we establish an equivalent quasi- norm for B* 9 (f2). 
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Proposition 3.12 Let < p,q < oo, < s < 1, and CI be a bounded Lipschitz domain. Then 

N 

Hvo/IB^OR^H+^IKVi/J^Or'lB^TOII (3.9) 
j'=i 

is an equivalent quasi-norm in (0) . 
Proof : Let Cli be a bounded domain with 

[ j=o 

and O C Oi. Let / G B| 9 (0). If we restrict the infimum in (JOJ) to g G B^ g (M") with 

s| n = / and suppgcfh, (3.10) 

then we obtain a new equivalent quasi-norm in B*(fi). This follows from Proposition I3.1l7 ii) if one 
multiplies an arbitrary element g G B^ g (K") with a fixed infinitely differentiable function k{x) with 

>c(x) = 1 if x £ CI and suppx C Cli. 

For elements g £ B^(R n ) with (|3TTU|) . 

TV 



^||^. ff |B^(R")|| 



is an equivalent quasi-norm. This is also a consequence of Proposition 13 . llT ii) . Applying part (i) of that 
proposition to g{x) — ► g(ip^\x)), we see that 



k=l 



is an equivalent quasi-norm for all g G B* 9 (R n ) with (|3.10p . But the infimum over all admissible g with 
(j3~TUl) yields (gH). □ 



4 Trace results on Lipschitz domains 

Now we can look for traces of / G B* (Ct) on the boundary T. We briefly explain our understanding of 
the trace operator since when dealing with L p (W l ) functions the pointwise trace has no obvious meaning. 
Let Y(r) denote one of the spaces B^ t ,(T) or L U (T). Since S(Cl) is dense in B^ q (Ci) for < p, q < oo 
(both spaces can be interpreted as restrictions of their counterparts defined on R ra ), one asks first whether 
there is a constant c > such that 

||Trv?|Y(r)|| < c ||p|B; i9 (fi)|| for ah> G <S(fi), (4.1) 

where S(Cl) stands for the restriction of the Schwartz space 5(IR n ) to a domain CI. If this is the case, 
then one defines Tr / G Y(T) for / G B^ (Ci) by completion and obtains 

||Tr/|y(r)||< c ||/|B^(n)||, feB' Ptg (n), 

for the linear and bounded trace operator 

Tr : B s p>q (Cl) ^ Y(T). 
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Remark 4.1 We can extend (|4.1|) to spaces (fi) with p = oo and/or 9 = 00 by using embeddings 
for B- and F-spaces from [TSIE2 • The results stated there can be generalized to domains fi, since the 
spaces ? (f£) are defined by restriction of the corresponding spaces on R™, cf. Remark 11.51 
If p = 00, we have that B^ q (Fl) with s > is embedded in the space of continuous functions and Tr 
makes sense pointwise. If q = 00, 

B; )00 (fi)^B'^(fi) for any e > 0. 

Let s > ~ and £ > be small enough such that one has 

1 

s > s — e > - . 

P 

Since by [Ml Rem. 13] traces are independent of the source spaces and of the target spaces one can now 
define Tr for B£ ^(fi) by restriction of Tr for B*^ e (r2) to B* j00 (T2). Hence (|4.ip is always meaningful. 



4.1 Boundedness of the trace operator 

Now we are able to state and prove our first main theorem concerning traces of Besov spaces on Lipschitz 
domains. 

Theorem 4.2 Let n > 2, < p, q < 00 , < s < 1, and let Q, be a bounded Lipschitz domain in W 1 with 
boundary Y . Then the operator 

Tr :B£'(n)— ^(T) (4.2) 

is linear and bounded. 



Proof : The linearity of the operator follows directly from its definition as discussed above. To prove 
the boun 
CH2), i.e. 



the boundedness, we take an optimal representation of a smooth function / G B p ^j p (Q) as described in 



/ = EE J ' w with \\mz*m\~\\MC?(tt)i 



j—0 m£2 

We put 



Tr / :— [ S ' ^j,m a j,m 



— ^ ] ^j,m a j,m — ^ ] ^j,m a j t m- (4-4) 



vj"T 



r 

r j,rn j,m 



The proof follows by Theorem 13.81 and the following four facts: 

(i) aJ TO arc Lip r -atoms, 

(ii) l|A|6J ia (r)||<||A|6*i'(n)||, 

(iii) the decomposition (|4.4|) converges in L P (T), 

(iv) the trace operator Tr coincides with the trace operator discussed above. 
To prove the first point, we observe that 

suppa£ m C suppaj, TO n T C Q^ m . 

Furthermore, we have ||aJ m |£oo(r)| < \\aj, m \Loo{dQ j, m )\\ < c an( l 

B j,mW _ a J,m(y) . aj m (x)-a jm (y) - 
sup — : f < sup — — f — — < 2 J . 

*, V £ Q r \x-y\ x,ved Qjtm \x-y\ 

3<™ ^y 
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The proof of the second point follows directly by 




The proof of the third point follows in the same way as the proof in Step 3 of Theorem 13.81 
The proof of (iv) is based on the fact that for / G S(fl) there is an optimal atomic decomposition (|4. 3[) 
which converges also pointwise. This may be observed by a detailed inspection of |17j . Therefore also 
the series (|4.4J) converges pointwise and the trace operator Tr may be understood in the pointwise sense 
for smooth /. □ 



4.2 Extension of atoms 

In order to compute the exact trace space we still need to construct an extension operator 

£ta:B£ ig (r)— >B£*(fi) 

and show its boundedness. The main problem will be to show that we can extend the Lip r -atoms from 
the source spaces in a nice way to obtain suitable atoms for the target spaces. We start with a simple 
variant of the Gagliardo-Nirenberg inequality, cf . Chapter 5] . 

Lemma 4.3 Let < s , si < oo, < po,Pi, qo, 9i < oo and < 6 < 1. Put 

f, n 11-9 11-6 6 

8 = (l-0)s o + 98i, - = + — , - = + — . (4.5) 

p po pi q qo qi 



Then 

II f IT, 

for allf€B^ qo (n)nB;\ tqi (fl) 



v s P , q (m < ii/iB^^cn)!! 1 - 9 • \\m s P \, qi m\\ e m 



Proof : The straightforward proof uses the characterization of i?-spaces through differences and 
Holder's inequality. □ 

Our approach is based on the classical Whitney decomposition of W™ \ V and the corresponding decom- 
position of unity. We summarize the most important properties of this method in the next Lemma and 
refer to [371 pp.167-170] and [101 pp.21-26] for details and proofs. 

Lemma 4.4 1. Let T C K™ be a closed set. Then there exists a collection of cubes {Qi}i<£N, such that 

(i) E"\r = UiQi- 

(ii) The interiors of the cubes are mutually disjoint. 
(Hi) The inequality 

diam Qi < dist (Qi, V) < 4diam Q, 
holds for every cube Qi. Here diam Qi is the diameter of Qi and dist (Qi, T) is its distance from T. 
(iv) Each point of MP \ T is contained in at most No cubes 6/5 • Qi, where No depends only on n. 
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(v) IfT is the boundary of a Lipschitz domain then there is a number 7 > 0, which depends only on n, 
such that a(-fQi n T) > for all i £ N. 

2. The are C°° -functions such that 

(i) ^pi(x) = 1 for every x £ R™ \ V . 

(ii) supp^i C 6/5 ■ Qi. 

(Hi) For every a £ Nq there is a constant A a such that \D a ipi(x)\ < A Q (diamQi)~' Q holds for all i £ N 
and all x £ R n . 

If a is a Lipschitz function on the Lipschitz boundary r of f2, then the Whitney extension operator Ext 
is defined by 

_ , . I a(x), x £ r, , 4 „. 

Extox = M ' (4.7) 

where we use the notation of Lemma 14.41 and /Uj := ct ( 7 q , nr ^ / 7 Q. n r a (y)do~(y) with the number 7 > as 
described in Lemma 14.41 It satisfies Tr o Ext a = a for a Lipschitz continuous on T. This follows directly 
from the celebrated Whitney's extension theorem (cf. [201 P- 23]) as V is a closed set if is a bounded 
Lipschitz domain. 

Lemma 4.5 Let a be a Lipschitz function on the Lipschitz boundary T of Q. Then Ext a £ C°°(Q) and 
max |D Q Exta(V)| < c^x) 1 ^ ■ ||a|Lip(T)|| , k £ N, x £ Q. (4.8) 

a|=fe 

Here, S(x) is the distance of x to T and Ck depends only on k and Q. 
Proof : First, let us note that 

D a Exta(x) =^2fj, i D a ^ i (x), x £ Q,, a £ N£, \a\ = k. 

i 

By Lemma 14.41 we have for every ,xeO 

\D a ^(x)\ < c k 8(x)-\ \a\ = k, 

and 



Y,D a ^i{x) =D a Y,Mx) =0. 



Furthermore, the Lipschitz continuity of a implies 

l^-^l<5(.T)-||a|Lip(r)|| (4.9) 

for x £ supp tpi H supp ipj . To justify (|4.9|) , we consider natural numbers i and j with x £ supp ipi D supp ipj , 
chose any Xi £ ^Qi (1 T and Xj £ jQj n T and calculate 



\fJ-i ~ Mil < 



1 



a(7Q l n T) J 7 Q inr 



a(x)d(T(a;) — a(xj) 



+ \a(xi) - a(xj)\ + 



<r( 7 Q 3 -nr) 



7 Qi nr 



a(xj) - — — / a(x)da(x) 

< ||a|Lip(r)|| • {diam(7Q 4 nl) + \x t -Xj\+ diam( 7 Q 3 n T)} 

< ||a|Lip(r)|| ■ {diam(Qi) + \x t - x\ + \x - xj\ + diam(Q 3 )} < S(x) ■ ||a|Lip(r)||. 
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Let us now fix x £ il and let us denote by . . . ,in}, N < No, the indices for which x lies in the 
support of ipi. Then we write 



3=1 



< 



N 



3=1 
N 



N 



Y,^D a %{x) 



3=1 



< E 1^ - Wxl • < ^W 1 "" • ||o|Lip(T)|| 

3=1 



□ 



Remark 4.6 Let a be a function defined on T as in Lemma [4.51 with diam(suppa) < 1. Then the 
extension operator from Lemma [4.5l mav be combined with a multiplication with a smooth cut-off function. 
This ensures, that (|4.8|) still holds and, in addition, diam(supp Ext a) < 1. 

The following lemma describes a certain geometrical property of Lipschitz domains, which shall be useful 
later on. It resembles very much the notion of Minkowski content, cf. [TT] . 

Lemma 4.7 Let O be a bounded Lipschitz domain and let k € N. Let h £ R™ with < \h\ < 1 and 
put fl h = {x & ft : [x,x + kh] C CI}. Furthermore, for j e N we define Q'j = {x £ fl h : 2~° < 
miiiy£lx,x+kh] S(y) < 2 _J+1 } ; where 6(y) = dist(y, T). Then 

P t }\<2- j (4.10) 

with a constant independent of j and h. 

Proof : To simplify the notation, we shall assume that Q is a simple Lipschitz domain of the type 
O = {(x',x n ) = (xi, . . . ,x n -i,x n ) G K™ : x n > ^{x'), \x'\ < 1}, where ip is a Lipschitz function, and we 
identify T with {(x',x n ) : x n = ip{x'), \x'\ < 1}. 



Step 1: First, let us observe that 

dist (x, T) w (x n - ip(x')) for x = (x', x n ) £ ft (4.11) 

and the constants in this equivalence depend only on the Lipschitz constant of ip. The simple proof of 
this fact is based on the inner cone property of Lipschitz domains. We refer to [371 Chapter VI, Section 
3.2, Lemma 2] for details. 



y + kh 
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Then we use ip(y' + toh) < toh n + y n (which follows from y £ Q h and y + toh E O) and ()4.11j) to get 

Vn-yn = [y n + hh n - i/j(y' + t h')] + [ip(y' + t ti) - t h n - y n ] 

<djst(y + t h,T)<2-j. (4.12) 

Step 3: Using (|4.12j) . we observe that the set f2(a;') = {x n € R : (x',x n ) e has for every \x'\ < 1 
length smaller then c2~^ . From this, the inequality (|4.10p quickly follows. □ 

We shall use this geometrical observation together with the extension operator (|4.7|) to prove the following. 



Lemma 4.8 Let Q be a bounded Lipschitz domain and let T be its boundary. Let a be a Lipschitz function 
on r. Let < p < oo, < s < oo and t £ N with < s < k < 1/p + 1. Then the extension operator 
defined by (|4.7p satisfies 

||Exta|B; )P (fi)|| < ||o|Lip(T)|| (4.13) 
with the constant independent of a S Lip(r). 



Proof : Using the characterization by differences, we obtain 

||Exta|B^(0)|| < ||Exto|B;' )00 (n)|| 

< ||Exta|L p (n)|| + sup \h\- s '\\A k h Exta(-,n)\L p (n)\\, 

0<\h\<l 

for s' > with s < s' < k. Furthermore, we observe that one may modify the definition of A r h f(x,fl) 
given in (jl.lOp to be zero also if the whole segment [x, x + kh] is not a subset of fl This follows by a 
detailed inspection of [?TJ Section 2.5.12] as well as [H] and [5], which are all based on the integration in 
cones. 

Using the definition of fii, the first term may be estimated easily as 



||Exta|L„(fi)|| < HExtal-LooCfi)!! < ||a|Loo(r)| 



To estimate the second term, we shall need the following relationship between differences and derivatives. 
If / e C k (R n ) and x, h 6 K", we put g(t) = f(x + th) for t G K and obtain 

A£/(aO = Afr(O) = t gW(t)B k (t)dt, (4.14) 
Jo 

where is the standard B spline of order fc, i.e. the A:-fold convolution of X[o,i] given by 
Bk = X[o,i] * • ■ ■ * X[o,il- Although (|4.14[) is a classical result of approximation theory (c.f. Section 
4.7]), let us give a short proof using Fubini's Theorem and induction over k: 

A k ; +1 g(0) = A L l9 (l) - A k g(0) = [ (g^(t + 1) - g^(t))B k (t)dt 



rt+l rk+1 ru rk+1 

Bk{t) / g {k+1) {u)dudt= / g [k+1) {u) / B k {t)dtdu = / g {k+1 \u)B k+1 (u)du. 



u-l 



Hence if [x, x + kh] C O for some x € O, we obtain 
r k 

|A£Exta(a;,f2)| < \h\ k / max |L> a Ext a(x + th)\ ■ B k (t)dt < \h\ k ■ ||a|Lip(r)|| 
Jo M= fe 



k 

l-k 



5{x + thy- k ■ B k {t)dt. 
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Let us fix h £ K n with < \h\ < 1 and let us denote n h = {x £ : [x, a ; + kh] C f2} as in Lemma |47 
We obtain 



\h\- s \\A k h Exta(;Cl)\L p (Q)\\ < |/i| fc - a '||a|Lip(r)|| f J I J 5(x + th) 1 ~ k ■ B k {t)dt\ dx 



: l|o|Lip(r)|| ( / max S(y)^-^ p dx 

l(l h y&[x,x+kh] 

<||o|Li P (r)|| (^2-^-^|^f 



1//' 



This, together with Lemma |4"771 and with fc < 1/p + l finishes the proof. 



□ 



Lemma 4.9 Let < s < 1 be fixed. There is a non-linear extension operator (denoted by Ext,), which 
extends Lip 1 " -atoms aj^ m to (s' + l/p,p)-atoms on R™. 

Proof : As the definition of Lip r -atoms as well as the definition of (s' + l/p,p)-atoms works with 
aj(2~ J -), by homogeneity arguments it is enough to prove 



llExtao^lB^+V^R")]] < ||a , TO |Lip(r)|| 
for Lip r -atoms aj t m with j = 0. First we show that 

||Extao, m |B;'+ 1 /* > (r!)|| < ||a , m |Lip(r)|| 



(4.15) 



(4.16) 



for the extension operator constructed in (14. 7| . Let < s' < 1 and < p < oo. We observe, that Lemma 
implies (|4.16|) for all < s' < 1 for which there is a k £ No with 



s' + l/p < k < 1 + 1/p. 

In the diagram aside these points correspond to 
all (s' , |) in the gray-shaded triangles. 
Then Lemma [O] yields (jll^) for all < s' < 1 
and < p < oo with sq = Si = s' and po < 
p < Pi chosen in an appropriate way, see the 
attached diagram. 



. V' 1 














Finally, by Remark 1 1 . 51 wc know that there is a function (denoted by Extao.m), such that 

HExtao^lB^+^QR")!! < ||Ext ao , m |B;'+ 1 /?'(fi)||. 
This together with P~To]) finishes the proof of P~T5j) . 

We are now able to complete the proof of the missing part of the trace theorem. 



□ 



Theorem 4.10 Let n > 2 and Q be a bounded Lipschitz domain with boundary T. Then for < s < 1 
and < p, q < oo there is a bounded non-linear extension operator 



(4.17) 
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Proof : Let / £ (r) with optimal decomposition in the sense of Theorem 13.81 

oo 

= E E ^™«L(*)> ( 4 - 18 ) 

j=0 m£Z. n 

where aj m are Lip r -atoms, (|4.18|) converges in -L p (r), and ||/|B p g (T)|| ~ ||A|6p „(r)|| . 
We use the extension operator constructed in Lemma 14.91 and define by 

oo 

Extf:=J2 E WExt a r m )| f2 (4.19) 

j=0 m£Z» 



an atomic decomposition of / in the space Bp]g P (Q) with non-smooth (s' + l/p,p)-atoms Exta^ m , 
where s < s' < 1. The convergence of (|4.19p in L p (0) follows in the same way as in the proof of Step 3 
of Theorem [XU 

Together with ||A|6£ )9 (r)|| ~ ||A|6^ 1/p (f2)||, this shows that 

\\Extf\B£V>(G)\\ < llW+V'm ~ HA|^ ig (r)|| < oo 

is bounded. 



Theorems 14.21 and 14.101 together now allow us to state the general result for traces on Lipschitz domains 
without any restrictions on the parameters s,p and q. 



Theorem 4.11 Let n > 2 and Q be a bounded Lipschitz domain with boundary T. Then for < s < 1 
and < p, q < oo, 

TrB^(0) = B; g (r). (4.20) 



The above Theorem extends the trace results obtained in |3H Th. 2.4] from C k domains with k > s to 
Lipschitz domains. 

Furthermore, the trace results for spaces of Tricbel-Lizorkin type carry over as well to the case of Lipschitz 
domains. The proof follows [3H Th. 2.6] where the independence of the trace on q was established for 
F-spaces. Let us mention that the sequence spaces fp q (fl) arc defined similarly as bp q (fl), cf. Definition 
11.11 with £ p and t q summation interchanged. The corresponding function spaces (denoted by 5^(0)) 
are then defined as in Definition 11.41 

The main ingredient in the study of traces for Tricbel-Lizorkin spaces q (fl) is then the fact that the 
corresponding sequence spaces fp q (T) are independent of q, 

/ P yr) = ^ iP (r). (4.2i) 

A proof may be found in [l^l Prop. 9.22, p. 394] for V being a compact porous set in R™ with [T5] as an 
important forerunner. In [471 Prop. 3.6] it is shown that the boundaries d£l — T of (e, <5)-domains f2 are 
porous. Therefore, this result is also true for boundaries of Lipschitz domains. 
For completeness we state the trace results for F-spaces below. 



Corollary 4.12 Let < p < oo, < q < oo, < s < 1, and let Q C R" be a bounded Lipschitz domain 
with boundary T. Then 

Ur^"(n) = Bf_ (T). (4.22) 
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4.3 The limiting case 

We briefly discuss what happens in the limiting case s = 0. In [351 Th. 2.7] traces for Besov and Triebel- 
Lizorkin spaces on d-sets r, < d < n, were studied. In particular, it was shown that for < p < oo and 

< q < oo, 

TrB^f(M") =L p (T), < q < min(l,p), (4.23) 

and 

Trgpj^ (R n ) = L p (T), 0<p<l. (4.24) 

Since the boundary T of a Lipschitz domain fl is a d-set with d = n — 1 the results follow almost 
immediately from these previous results, using the fact that the B- and F-spaces on domains Q are 
defined as restrictions of the corresponding spaces on R ra , cf. Remark 11.51 

Corollary 4.13 Let be a bounded Lipschitz domain with boundary T. Furthermore, let < p < oo 
and < q < oo. 

( i) Then 

TrBf, 9 (fi) = L p (r), < q < min(l,p). (4.25) 

(ii) Furthermore, 

Tr^| g (Q) = L P (T), 0<p<l. (4.26) 

5 Pointwise multipliers in function spaces 

As an application we now use our results on non-smooth atomic decompositions to deal with pointwise 
multipliers in the respective function spaces. 

A function m in L 1 ^?^ p )(R n ) is called a pointwise multiplier for ? (R n ) if 

/ i-> mf 

generates a bounded map in Bp ? (]R n ). The collection of all multipliers for B* 9 (R") is denoted by 
Af(B* q (M. n )). In the following, let i/j stand for a non-negative C°° function with 

suppV C {y e R n : \y\ < Vn} (5.1) 

and 

Y^^{x~l) = l, xeR n . (5.2) 

Definition 5.1 Let s > and < p, q < oo. We define the space B* solfs (R™ ) to be the set of all 

/6 4n(l,p)( r ) SUch that 

||/|B^. sclfs (R")|| := sup ||^(. - Z)/(2^.)|B^(R")|| (5.3) 

is finite. 

Remark 5.2 The study of pointwise multipliers is one of the key problems of the theory of function 
spaces. As far as classical Besov spaces and (fractional) Sobolev spaces with p > 1 are concerned we refer 
to [53], [21], and [25]- Pointwise multipliers in general spaces B* q (M. n ) and F£ q (M. n ) have been studied 
in great detail in [23 Ch. 4], 

Sclfsimilar spaces were first introduced in [44] and then considered in [45l Sect. 2.3]. Corresponding 
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results for anisotropic function spaces may be found in [26] . We also mention their forerunners, the 
uniform spaces unif (R™ ) , studied in detail in j^Hl Sect. 4.9]. As stated in [5T], for these spaces it is 
known that 

M(B^(M")) = B^ unif (IR"), l< P <g<oo, s > -, 

cf. [36j concerning the proof. Selfsimilar spaces are also closely connected with pointwisc multipliers. We 
shall use the abbreviation 

B P) selfs( R ") : = B p,p,sclfs( K ™)- 

One can easily show 

B^ solfs (M n )^Loo(K"). (5.4) 

To see this applying homogeneity gives 

/ rl HA 1/9 

U{- ~ 0/(2- j -)|B;, g (M")|| ~ 2*? 11^' • -l)f\L p (R n )\\ + 2-^ s -?) (jf r'*uM@ ■ -O/^/yJ 

uniformly for all j £ Nq and I £ Z" . Consequently, 

2* f \ip(Vy - l)nf(y)\ p dy < c||/|B; )9)Selfs (R")f. (5.5) 

Thus, the right-hand side of (|5.5[) is just a uniform bound for at its Lebesgue points, cf. [35J Cor. 

p. 13], which proves the desired embedding (|5.4p . 

Definition 5.3 Let s > and < p, q < oo. We define 

B p^ S olfs( R ") : = U B P,9,sclfs( R ' 1 )- 

tr>s 

We have the following relation between pointwisc multipliers and self-similar spaces. 
Theorem 5.4 Let s > and < p, q < oo. Then 
(i) 8elfs (R n ) C M(B' ,(R")) ^ B; )9>selfs (R") 
(mJ Additionally, if < p < 1, 

M(B£(R")) = B; jSclfs (K"). 

Proof : We first prove the right-hand side embedding in (i). Let m £ M(Bp„(R n )). An application 
of the homogeneity property from Theorem 11.81 yields 

U{- - 0m(2-^)|B^(JR")|| ~ )|^(2»' ■ -Om|B^(R")|| 

< 2-^ s -f)||m|M(B^(R"))|| • W{2> ■ -0|B^(R")|| 

= 2-*-?)|HM(B^(R"))|| • ||^(2'-)|B^(R")|| 

~ ||m|M(B; ig (R"))||||^|B; )g (R")|| < ||m|M(B; ig (R"))|| 

for all I £ Z™, j £ No, and hence, 

||m|B^ sclfs (M")|| = sup U(- - l)m(2->)\B;, q (« n )\\ 

jGN ,ZGZ™ 



< 



|m|M(B; i9 (R"))|| 



We make use of the non-smooth atomic decompositions for B^ „(R n ) from Theorem 12. 61 in order to prove 
the first inclusion in (i). Let m £ Bp 9Solfs with a > s. Let / £ Bp ? (R") with optimal smooth atomic 
decomposition 

oo 

/ = EE A ^w with ll/l B ^( Rn )ll ~ W X KJ> ( 5 - 6 ) 
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suppaj-(2 J ) C {y : \y t \ < -} 



||a J -(2^)V- 1 fl |B- ? (E™)|| < ||a i (2-^>- 1 |C^(R")|||| 5 |B^( 



where Ji -atoms with K > a. Then 

oo 

j=o iez™ 

and we wish to prove that, up to normalizing constants, the ma,j i are (c, p)-atoms. The support 
condition is obvious: 

supp mcLj i C suppa^/ C dQjj, j G No,Z G Z™. 
If Z = we put aij = Qjj. Note that 

2 

and we can assume that 

i>(y) > if y e{x: \xi\ < d}. 
Then - using multiplier assertions from [5H Prop. 2.15(h)] - we have for any g G B£ „(R n ), 

< ll.9|B^(IR")|| 

and hence 

||a J -(2^>- 1 |M(B- g (R"))|| <1, jGN . (5.8) 
By (|5.8p and the homogeneity property we then get, for any a > a' > s and j G No, 

||(7^)(2-^.)|B-'(]R")|| < ||m(2-^> J (2^.)|B^(R")|| 

< ||a J (2^-)^- 1 |M(B^(E' l ))||!|m(2^.^|B^(M")!| 

< ||m(2-'.)^|B^(R n )||. (5.9) 

In the case of a^z with Z G Z n one arrives at (|5.9p with a^y and -0(- — Z) in place of <Zj and ^, respectively. 
Hence 

||ma i , l (2-^)|B^(R")|| < sup \\m(2^^(- Z)|B^(R»)|| 

= ||m|B^ solfs (R")||, jGN ,ZGZ", (5.10) 

and therefore, too^z is a (er',p)-atom where a' > s. By Theorem 12. 6[ in view of (|5.7p . to/ G Bp ? (R") 
and 

||m/|B; ig (R")|| < ||Ai^ )? ||||m|B^ )Selfs (R")|| ~ ||/|B;j|||m|B£ )3)8elfs (R")||, 
which completes the proof of (i) . 

We now prove (ii). Restricting ourselves to p = q, let now m G Bp Selfs (R n ). We can modify (|5.9p by 
choosing a' = a = s, 

||(mo i )(2-^.)|B;(R**)|| = ||m(2-^) 0i (2-'.)|B;(M")|| 

< !| a3 (2^.)^ 1 |A^(B;(R"))||||m(2^.)^|B;(R")|| 

< ||m(2-^)V»|B;(R")||, (5.11) 

yielding for general atoms ajj, 

||ma J -,K2-^)|B; i (R™)|| < sup ||m(2^.)V>(- - Z)|BJ(R")|| 

= ||TO|B^ sclfs (R")||, jeN ,leZ n . (5.12) 
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Since p < 1, we have that BJ(R n ) is a p-Banach space. From (|5.6j) . using (|5.7|) and (|5.12|) . we obtain 

\\mf\B;(R"W < EE lA^I^^-J^-^-J^Hma^lBjCR")!!" 
i=o ;ez« 

~ ||A|6; iJ ,|n|(ma j , z )(2-^)|B;(R n )f 

< ||A|6^|n|m|B^ sclfs (IR")r. (5.13) 

Hence m G M(B£(R™)) and, moreover, B^ selfs (R") M(B£(R™)). The other embedding follows from 
part (i). □ 



Remark 5.5 It remains open whether it is possible or not to generalize Theorem l5.4f ii) to the case when 
p =/= q. The problem in the proof given above is the estimate (|5.13p . which only holds if p = q. 

Characteristic functions as multipliers The final part of this work is devoted to the question in 
which function spaces the characteristic function xci of a domain f2 C R" is a pointwise multiplier. We 
contribute to this question mainly as an application of Theorem 15.41 The results shed some light on a 
relationship between some fundamental notion of fractal geometry and pointwise multipliers in function 
spaces. For complementary remarks and studies in this direction we refer to [44j . 

There are further considerations of a similar kind in the literature, asking for geometric conditions on 
the domain Q such that the corresponding characteristic function \£i provides multiplier properties, 
cf. [HaHHl, P3], and HE Sect. 4.6.3]. 

Definition 5.6 Let Y be a non-empty compact set in R™. Let h be a positive non- decreasing function on 
the interval (0, 1]. Then T is called a h-set, if there is a finite Radon measure /i G R n with 

supp/i = r and n(B(-),r)) ~ h(r), 7 G T, < r < 1. (5.14) 

Remark 5.7 A measure /1 with (|5 . 14[) satisfies the so-called doubling condition, meaning there is a 
constant c > such that 

/i(S( 7 ,2r)) < cn(B(rf,r)), 7 G T, < r < 1. (5.15) 
We refer to [HI p. 476] for further explanations. 

Theorem 5.8 Let Q be a bounded domain in R n . Moreover, let a > 0, < p < 00, < q < 00, and let 
T = dfl be an h-set with 

(with the usual modifications if q = 00). Let B£ )9 sel f s (R™) be the spaces defined in (|5.3|) . Then 

Xn G B£ ^ solfs (R n ). 

Proof : It simplifies the argument, and causes no loss of generality, to assume diam Q < 1. We define 

Q k = {xen-. 2~ fe ~ 2 < diet (a, T) < 2~ k }, k G N . 



Moreover, let 



be a resolution of unity, 



{<P k :ken , l = i,...,M k }cCZ°(Sl) 

EE^ X ) = 1 Xxen, (5.17) 

kefia 1=1 
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with 

supp ifii C {x : \x - xf | < 2~ fc } C fl k 

and 

\D a tf(x)\ <2^ k , H<A, 

where A' G N with K > a. It is well known that resolutions of unity with the required properties exist. 
We now estimate the number in (|5.17|) . Combining the fact that the measure [i satisfies the doubling 
condition (|5 . 1 5|) together with (|5.14|) we arrive at 

M k h{2- k )<\, /jgN . (5.18) 

Since the iff in (|5.17p are A-atoms according to Definition 11.31 we obtain 

oo oo , ~_ kn » q/p 

||xn|B^(R")||« < < £ 2 k °<* (—^ ) < oo. (5.19) 



k=0 k=0 



This shows that xn G Bp 9 (R n ). We now prove that \n € B£ elfs (R n ). We consider the non-negative 
function ip G C°°(R") satisfying (|5.ip and ()5.2[) . By the definition of self-similar spaces, it suffices to 
consider 

Xn(2- J '-)V, 

assuming in addition that G 2 J T = {2 J 7 = (2 J 7i, . . . , 2- ? 7„) : 7 G T}, j G N. Let /x 3 be the image 
measure of fi with respect to the dilations y 1— > 2 J y. Then we obtain 

fx j {B(0, Vn) n 2 J r) - h(2- j ), j G N . 

We apply the same argument as above to B(0,^/n) D 2 J f2 and B(0,y/n) fl 2-T in place of Q and T, 
respectively. Let M 3 k be the counterpart of the above number M k - Then 

Mih(2~ j - k ) < h(2~ j ), j G No, k G N , 

is the generalization of (|5 . 18[) we are looking for, which completes the proof. □ 

In view of Theorem 15 .41 we have the following result. 

Corollary 5.9 Let O be a bounded domain in R n . Moreover, let a > 0, < p < 00, < q < 00, and let 
r = dfl be a h-set satisfying (|5.16p . Then 

Xn 6 M(B; )9 (R")) for 1< p < 00, < s < a, 

and 

»6M(B;(r)) for 0<p<l. 
Remark 5.10 As for the assertion (|5.16|) we mention that 



2 * g ( uT~-l, 2- kn ) 1/P <oc 

jeNo,fc€N VM 2 J ) / 

is the adequate counterpart for Bp^QR"). In the special case of d-sets, which corresponds to h(t) ~ t d , 
the condition (|5.16|) therefore corresponds to 

n — d n — d 
a < or cr = and q = 00. 
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For bounded Lipschitz domains fi, i.e., d = n — 1, Theorem 15.81 therefore yields xn G selfs (R n ) if 

a < — or tr = - and q = oo. (5.20) 
These results are sharp since there exists a Lipschitz domain f2 in R n such that 

teeB; MiSc|[s (l") and Xo ^B|,,(R n ) if < q < oo. 
In order to see this let ^= Hi|]™ ■ Observing that 

one calculates 

which is finite if, and only if, a satisfies (|5.20[) . Therefore, in view of Theorem 15.41 concerning Lipschitz 
domains there is an 

alternative s.t. either the trace o/Bp„(R n ) on F exists or \n is a pointwise multiplier for B£ _(R n ), 

as was conjectured for F-spaces in [331 p. 36]: For smoothness a > | we have traces according to Theorem 
14.111 whereas for a < - we know that \n is a pointwise multiplier for Bp 9 (R"). The limiting case 
(T = | needs to be discussed separately: according to Corollary 14.131 we have traces for B-spaces with 
q < min(l,p), but xvi is (possibly) only a multiplier for Bp^(R"). There remains a 'gap' for spaces 

B^(R n ) when min(l,p) < q < oo. 
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